Abstract. In spatial reasoning the qualitative description of relations between spatial regions is of practical importance and has been widely studied. Examples of such relations are that two regions may meet only at their boundaries or that one region is a proper part of another. This paper shows how systems of relations between regions can be extended from precisely known regions to approximate ones. One way of approximating regions with respect to a partition of the plane is that provided by rough set theory for approximating subsets of a set. Relations between regions approximated in this way can be described by an extension of the RCC5 system of relations for precise regions. Two techniques for extending RCC5 are presented, and the equivalence between them is proved. A more elaborate approximation technique for regions (boundary sensitive approximation) takes account of some of the topological structure of regions. Using this technique, an extension to the RCC8 system of spatial relations is presented.
Introduction
Rough set theory [Paw91] provides a way of approximating subsets of a set when the set is equipped with a partition or equivalence relation. Given a set with a partition ¾ Á , an arbitrary subset can be approximated by a function ³ Á fo po no . The value of ³ ´ µ is defined to be fo if , it is no if , and otherwise the value is po. The three values fo, po, and no stand respectively for 'full overlap', 'partial overlap' and 'no overlap'; they measure the extent to which overlaps the elements of the partition of .
In spatial reasoning it is often necessary to approximate not subsets of an arbitrary set, but parts of a set with topological or geometric structure. For example the set above might be replaced by a regular closed subset of the plane, and we might want to approximate regular closed subsets of . This approximation might be with respect to a partition of where the cells (elements of the partition) might overlap on their boundaries, but not their interiors. Because of the additional topological structure, it is possible to make a more detailed classification of overlaps between subsets and cells in the partition. An account of how this can be done was given in our earlier paper [BS98] . This is, however, only one of the directions in which the basic rough sets approach to approximation can be generalized to spatial approximation.
Our concern in the present paper is relationships between spatial regions when these regions have been given approximate descriptions. The study of relationships between spatial regions is of practical importance in Geographic Information Systems (GIS), and has resulted in many papers [EF91, RCC92, SP92] . Examples of relationships might be that two regions meet only at their boundaries or that one region is a proper part of another. While such relationships have been widely studied, the topic of relationships between approximate regions has received little attention.
The structure of the paper is as follows. In section 2 we set out the particular type of approximate regions we use in the main part of the paper. In section 3 we discuss one particular scheme of relationships between regions, known as the RCC5, and in section 4 we show how this can be generalized to approximate regions. In section 5 we briefly consider how our work can be extended to deal with more detailed boundary-sensitive approximations and the RCC8 system of relationships between regions. Finally in section 6 we present conclusions and suggest directions for further work.
Approximating regions
Spatial regions can be described by specifying how they relate to a frame of reference. In the case of two-dimensional regions, the frame of reference could be a partition of the plane into cells which may share boundaries but which do not overlap. A region can then be described by giving the relationship between the region and each cell.
Boundary insensitive approximation
Approximation functions. Suppose a space Ê of detailed or precise regions. By imposing a partition, , on Ê we can approximate elements of Ê by elements of ª ¿ . That is, we approximate regions in Ê by functions from to the set ª ¿ fo po no . The function which assigns to each region Ö ¾ Ê its approximation will be denoted « ¿ Ê ª ¿ . The value of´« ¿ Öµ is fo if Ö covers all the of the cell , it is po if Ö covers some but not all of the interior of , and it is no if there is no overlap between Ö and . We call the elements of ª ¿ the boundary insensitive approximations of regions Ö ¾ Ê with respect to the underlying regional partition .
Each approximate region ¾ ª ¿ stands for a set of precise regions, i.e. all those precise regions having the approximation . This set which will be denoted ℄℄ provides a semantics for approximate regions:
Operations on approximation functions. The domain of regions is equipped with a meet operation interpreted as the intersection of regions. In the domain of approximation functions the meet operation between regions is approximated by pairs of greatest minimal, Ñ Ò , and least maximal, Ñ Ü , meet operations on approximation mappings [BS98] .
Consider the operations Ñ Ò and Ñ Ü on the set ª ¿ fo po no that are defined as follows. 
Boundary sensitive approximation
We can further refine the approximation of regions Ê with respect to the partition by taking boundary segments shared by neighboring partition cells into account.
That is, we approximate regions in Ê by functions from ¢ to the set ª fo fbo pbo nbo no . The function which assigns to each region Ö ¾ Ê its boundary sensitive approximation will be denoted « Ê ª ¢ . The value of´« Öµ´ µ is fo if Ö covers all of the cell , it is fbo if Ö covers all of the boundary segment, µ, shared by the cell and and some but not all of the interior of , it is pbo if Ö covers some but not all of the boundary segment´ µ and some but not all of the interior of , it is nbo if Ö does not intersect with boundary segment´ µ and some but not all of the interior of , and it is no if there is no overlap between Ö and .
Let × ´ µ be the boundary segment shared by the cell and . 
We define the operation Ñ Ü on the set ª fo fbo pbo nbo no as shown in the right table above. This operation extends to elements of ª ¢ (i.e. the set of functions from ¢ to ª ) by´ Ñ Ü µ´ µ ´ ´ µµ Ñ Ü´ ´ µµ. The definition of the operation Ñ Ò is similar but slightly more complicated. The details can be found in [BS98] .
RCC5 relations
Qualitative spatial reasoning (QSR) is a well-established subfield of AI. It is concerned with the representation and processing of knowledge of space and activities which depend on space. However, the representations used for this are qualitative, rather than the quantitative ones of conventional coordinate geometry. One of the most widely studied formal approaches to QSR is the Region-Connection Calculus (RCC) [CBGG97] . This system provides an axiomatization of space in which regions themselves are primitives, rather than being constructed from more primitive sets of points. An important aspect of the body of work on RCC is the treatment of relations between regions. For example two regions could be overlapping, or perhaps only touch at their boundaries. There are two principal schemes of relations between RCC regions: five boundary insensitive relations known as RCC5, and eight boundary sensitive relations known as RCC8.
In this paper we propose a specific style of defining RCC relations. This style allows to define RCC relations exclusively based on constraints regarding the outcome of the meet operation between (one and two dimensional) regions. Furthermore this style of definitions allows us to obtain a partial ordering with minimal and maximal element on the relations defined. Both aspects are critical for the generalization of these relations to the approximation case.
Given two regions Ü and Ý the RCC5 relation between them can be determined by considering the triple of boolean values:
The correspondence between such triples, the RCC5 classification, and possible geometric interpretations are given below.
The set of triples is partially ordered by setting´ ½ ¾ ¿ µ ´ ½ ¾ ¿ µ iff for ½ ¾ ¿, where the Boolean values are ordered by F T. This is the same ordering induced by the RCC5 conceptual graph [GC94] . But note that the conceptual graph has PO and EQ as neighbors which is not the case in the Hasse diagram for the partially ordered set. The ordering is indicated by the arrows in the figure above. We refer to this as the RCC5 lattice to distinguish it from the conceptual neighborhood graph.
Semantic and Syntactic Generalizations of RCC5
The original formulation of RCC dealt with ideal regions which did not suffer from imperfections such as vagueness, indeterminacy or limited resolution. However, these are factors which affect spatial data in practical examples, and which are significant in applications such as geographic information systems (GIS) [BF95] . The issue of vagueness and indeterminacy has been tackled in the work of [CG96] . The topic of the present paper is not vagueness or indeterminacy in the widest sense, but rather the special case where spatial data is approximated by being given a limited resolution description.
Syntactic and semantic generalizations
There are two approaches we can take to generalizing the RCC5 classification from precise regions to approximate ones. These two may be called the semantic and the syntactic. The syntactic has many variants.
Semantic generalization. We can define the RCC5 relationship between approximate regions and to be the set of relationships which occur between any pair of precise regions representing and . That is, we can define Ë Å´ µ Ê ´Ü Ýµ Ü ¾ ℄℄ and Ý ¾ ℄℄ Syntactic generalization. We can take a formal definition of RCC5 in the precise case which uses operations on Ê and generalize this to work with approximate regions by replacing the operations on Ê by analogous ones for ª 1 .
Syntactic generalization
The above formulation of the RCC5 relations can be extended to approximate regions. One way to do this is to replace the operation with an appropriate operation for approximate regions. If and are approximate regions (i.e. functions from to ª ¿ ) we can consider the two triples of Boolean values:
In the context of approximate regions, the bottom element, , is the function from to ª ¿ which takes the value no for every element of . Each of the above triples provides an RCC5 relation, so the relation between and can be measured by a pair of RCC5 relations. These relations will be denoted by Ê Ñ Ò´ µ and Ê Ñ Ü´ µ. fo. In each case every interpretation must satisfy Ü Ý Ü.
Correspondence of semantic and syntactic generalization
Note that this depends on the fact that the combination po cannot occur. The case of the final component Ñ Ò is similar. Thus we have demonstrated for all Ü ¾ ℄℄ and Ý ¾ ℄℄ that Ê Ñ Ò´ µ Ê ´Ü Ýµ. The task of showing that Ê ´Ü Ýµ Ê Ñ Ü´ µ is accomplished by a similar analysis. Finally, we have to show that for each RCC5 relation, , where Ê Ñ Ò´ µ Ê Ñ Ü´ µ, there are Ü ¾ ℄℄ and Ý ¾ ℄℄ such that the relation of Ü to Ý is . This is done by considering the various possibilities for Ê Ñ Ò´ µ and Ê Ñ Ü´ µ. We will only consider one of the cases here, but the others are similar. If Ê Ñ Ò´ µ PO and Ê Ñ Ü´ µ EQ, then for each cell , the values of and are equal and there must be some cells where this value is po and some cells where the value is fo. Precise regions Ü ¾ ℄℄ and Ý ¾ ℄℄ can be constructed by selecting sub-regions of each cell say Ü and Ý , and defining Ü and Ý to be the unions of these sets of sub-regions. In this particular case, there is sufficient freedom with those cells where po to be able to select Ü and Ý so that the relation of Ü to Ý can be any where PO EQ.
Generalizing RCC8 relations

RCC8 relations
RCC8 relations take the topological distinction between interior and boundary into account. In order to describe RCC8 relations we define the relationship between Ü and Ý by using a triple, but where the three entries may take one of three truth values rather than the two Boolean ones. The scheme has the forḿ The correspondence between such triples, the RCC8 classification, and possible geometric interpretations are given below.
The RCC5 relation DR refines to DC and EC and the RCC5 relation PP´ µ refines to TPP´ µ and NTPP´ µ. We define F M T and call the corresponding Hasse diagram RCC8 lattice (figure above) to distinguish it from the conceptual neighborhood graph.
Syntactic generalization of RCC8
Let and be boundary sensitive approximations of regions Ü and Ý. Each of the above triples defines a RCC8 relation, so the relation between and can be measured by a pair of RCC8 relations. These relations will be denoted by Ê Ñ Ò´ µ and Ê Ñ Ü´ µ. [BS00] show the correspondence between this syntactic generalization and the semantic generalization corresponding to the RCC5 case.
Conclusions
In this paper we discussed approximations of spatial regions with respect to an underlying regional partition. We used approximations based on approximation functions and discussed the close relationship to rough sets. We defined pairs of greatest minimal and least maximal meet operations on approximation functions that constrain the possible outcome of the meet operation between the approximated regions themselves. The meet operations on approximation mappings provide the basis for approximate qualitative spatial reasoning that was proposed in this paper.
Approximate qualitative spatial reasoning is based on: (1) Jointly exhaustive and pair-wise disjoint sets of qualitative relations between spatial regions, which are defined in terms of the meet operation of the underlying Boolean algebra structure of the domain of regions. As a set these relations must form a lattice with bottom and top element. (2) Approximations of regions with respect to a regional partition of the underlying space. Semantically, an approximation corresponds to the set of regions it approximates. (3) Pairs of meet operations on those approximations, which approximate the meet operation on exact regions.
Based on those 'ingredients' syntactic and semantic generalizations of jointly exhaustive and pair-wise disjoint relations between regions were defined. Generalized relations hold between approximations of regions rather than between (exact) regions themselves. Syntactic generalization is based on replacing the meet operation defining relations between regions by its greatest minimal and least maximal counterparts on approximations. Semantically, syntactic generalizations yield upper and lower bounds (within the underlying lattice structure) on relations that can hold between the corresponding approximated regions.
There is considerable scope for further work building on the results in this paper. We have assumed so far that the regions being approximated are precisely known regions in a continuous space. However, there are practical examples where approximate regions are themselves approximated. This can occur when spatial data is required at several levels of detail, and the less detailed representations are approximations of the more detailed ones. One direction for future investigation is to extend the techniques in this paper to the case where the regions being approximated are discrete, rather than continuous. This could make use of the algebraic approach to qualitative discrete space presented in [Ste00] . Another direction of ongoing research is to apply techniques presented in this paper to the temporal domain [Bit00] .
